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We construct an inﬁnite family of non-homeomorphic 4-manifolds with almost nonpositive
sectional curvature whose universal covering space is not contractible. As a consequence,
these manifolds do not support metrics with nonpositive sectional curvature. To achieve
this, we use a generalization of Bavard’s surgery construction, combined with an open
book decomposition and knot theory.
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1. Introduction
A classical result on Riemannian manifolds with nonpositive sectional curvature is the Hadarmard–Cartan theorem: If
Mn is a connected complete Riemannian manifold with nonpositive sectional curvature, then its universal covering space is diffeo-
morphic to Rn . Hence, if Mn is simply connected, it must be diffeomorphic to Rn . One might expect the Hadamard–Cartan
theorem to hold if we allow small amounts of positive curvature on the manifold. The notion of almost nonpositive curvature
makes precise this intuitive idea. By deﬁnition, a smooth manifold M has almost nonpositive curvature if, for each ε > 0,
there exists a Riemannian metric on M with sectional curvature sec K and diameter d such that Kd2  ε.
In view of the Hadamard–Cartan theorem, one may expect the universal covering space of a smooth manifold with
almost nonpositive curvature to be diffeomorphic to Rn . In this paper we construct inﬁnitely many 4-manifolds that have
almost nonpositive curvature and whose universal covering space is not contractible. Consequently, these manifolds do not
admit metrics with sec  0. The ﬁrst example of a manifold with these properties was put forward by M. Gromov, who
stated in [7] that S3 has almost nonpositive curvature (see P. Buser and D. Gromoll [4] for a detailed proof). C. Bavard
proved that all closed orientable 3-manifolds have almost nonpositive curvature [1].
Our paper is divided into two parts. In the ﬁrst part we generalize to higher dimensions the surgery construction used
in [1,4]. In the second part, comprising Sections 3 and 4, we combine the results in part one with an open book decom-
position and some knot theory to construct inﬁnitely many examples of 4-manifolds with almost nonpositive curvature
whose universal covering space is not contractible. As part of our construction, we describe how to construct n-dimensional
open books with almost nonpositive curvature (cf. Section 3). Throughout this paper we will assume that our manifolds are
smooth, closed, orientable and connected, unless noted otherwise.
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In this section we generalize to higher dimensions the surgery constructions presented in [1,4]. We will use these
techniques in Section 3 to construct manifolds with almost nonpositive curvature.
2.1. Metric surgery
We ﬁrst ﬁx some notation. We will denote the distance function of a Riemannian manifold (M, g) by dist(·,·). Given a
subset A of M and any r > 0, we will denote the open neighborhood of A of radius r by B(A, r), namely
B(A, r) = {p ∈ M: dist(A, p) < r}.
We will use the symbol B(r) to denote the open disc of radius r centered at the origin in R2 with the ﬂat metric induced
from Euclidean 2-space.
We will need the following version of the Plumber’s Lemma (cf. [1,4]).
Lemma 2.1 (Plumber’s Lemma). Let (Mn, g) be a Riemannian n-manifold and Tn−2 ⊂ Mn a codimension 2 embedded, ﬂat, totally
geodesic torus with trivial normal bundle. Then, for ﬁxed r > 0 arbitrarily small, there exists a metric g˜ on Mn such that:
(i) The torus Tn−2 is again a ﬂat embedded torus and its geometry has not changed.
(ii) The distances to Tn−2 are the same under the new metric.
(iii) We have g = g˜ on Mn \ B(Tn−2,4r).
(iv) The open neighborhood B(Tn−2,3r) is isometric to the ﬂat Riemannian product Tn−2 × B(3r).
(v) In B(Tn−2,4r) \ B(Tn−2,3r) the upper bound of the absolute value of the curvature has increased by a factor C(n), where C(n)
depends only on n, the dimension of Mn.
The proof of this result is a slight modiﬁcation of the proof of the technical lemma in [4]. We will call the constant C(n)
in (v) of the Plumber’s Lemma the Plumber’s constant in dimension n.
After these preliminaries we describe the surgery construction. Consider ﬁrst a Riemannian manifold (Mn, g) with
sec  1 and a codimension 2 embedded, ﬂat, totally geodesic torus TM with trivial normal bundle. After applying the
Plumber’s Lemma, we may assume that a tubular neighborhood B(TM ,3r) is isometric to the ﬂat tube TM × B(3r) and
that sec C(n), where C(n) is the Plumber’s constant. Note that the boundary of Mn \ B(TM , r) is a ﬂat torus isometric to
TM × R/2πrZ. We will denote this boundary by
TA := ∂
(
Mn \ B(TM , r)
)  TM × R/2πrZ.
We will now construct a Riemannian manifold Nn diffeomorphic to B(TM , r) and with boundary a ﬂat torus. Assuming
that ∂Nn  TA , we will replace B(TM , r) ⊂ Mn with Nn and obtain a smooth Riemannian metric on Mn .
Let Tn−2 be a ﬂat torus of dimension n − 2 and let π :Tn−2 → S1 be the projection onto the ﬁrst S1 factor of Tn−2.
Suppose α :S1 → S2 is a closed geodesic with respect to some given Riemannian metric on S2 with sec  A, where A is
some positive constant, and let f = α ◦ π :Tn−2 → S2. We may group these maps in the commutative diagram
T
n−2
π
f
S
2.
S
1
α
(2.1)
Since S2 is simply connected, f is null-homotopic, so the graph of f in Tn−2×S2 is an embedded ﬂat torus T0 homotopic to
T
n−2. Moreover, T0 is totally geodesic and has trivial normal bundle. Hence, for r suﬃciently small, a tubular neighborhood
B(T0,3r) is homotopic to Tn−2 × B(3r). By the Jordan Curve Theorem, the interior of a disc in S2 is diffeomorphic to the
exterior. Consequently, the interior of B(T0, r) ⊂ Tn−2 × S2 is diffeomorphic to its exterior. By the Plumber’s Lemma, we
may assume that B(T0,3r) is isometric to the ﬂat tube T0 × B(3r) and that sec AC(n) on Tn−2 × S2. Suppose that TM is
isometric to T0, so that the boundaries
TA = ∂
(
Mn \ B(TM , r)
)
,
TB = ∂
(
T
n−2 × S2 \ B(T0, r)
)
are isometric ﬂat tori. We can glue Mn \ B(TM , r) and (Tn−2 × S2) \ B(T0, r) along their boundaries via an arbitrary iden-
tifying isometry TA → TB . Since (Tn−2 × S2) \ B(T0, r) is diffeomorphic to B(T0, r), the topology of Mn does not change
after replacing B(TM , r) with (Tn−2 × S2) \ B(T0, r).
Let us see what this new space looks like near the identiﬁed boundary tori TA = TB . For a ﬁxed point p ∈ T0 = TM we
are identifying the inner boundary circles of two copies of the ﬂat annulus B(3r) \ B(r), as shown in Fig. 1. Let us denote
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Fig. 2. Smoothing the metric on A(p).
this identiﬁcation space by A(p). Note that A(p1) is isometric to A(p2) for any p1, p2 ∈ T0 = TM , so a small neighborhood
of the identiﬁed boundaries TA = TB looks like A(p) ×T0 with the product metric. The metric on A(p) is not smooth near
the identiﬁed boundaries, so we must ﬁx this problem. Since A(p) × T0 has the product metric, we need not worry about
the T0 factor. Thus, we must only make sure that we can smooth the metric on A(p) without increasing the curvature.
Geometrically, we do this as follows. Note ﬁrst that A(p) can be generated by rotating the space described at the top of
Fig. 2, where the broken arrows denote identiﬁed points. We may in turn replace this with a smooth space like the one in
the middle of Fig. 2. Rotating this space we obtain a smooth manifold homeomorphic to A(p), as shown at the bottom of
Fig. 2. The smoothing of the metric can also be expressed analytically (cf. [4]). During the smoothing we have only added
negative curvature, so the curvature of the metric on Mn remains bounded above by max(C(n), AC(n)).
3. Open books with almost nonpositive curvature
We will now use the surgery from Section 2 and an open book decomposition (cf. [1,10,11]) to construct manifolds
with almost nonpositive curvature. We will use this construction in Section 4 to generate 4-manifolds that admit almost
nonpositive curvature but do not admit nonpositive curvature.
Let F be an n-manifold with boundary ∂ F and let h : F → F be a self-diffeomorphism of F such that its restriction
h|∂ F : ∂ F → ∂ F is the identity map. The mapping torus of h, denoted by T (h), is deﬁned by
T (h) = (F × [0,1])/{(x,0) ∼ (h(x),1): x ∈ F}.
The mapping torus T (h) ﬁbers over S1 and has boundary ∂ F × S1. Denote the topological 2-disc by D2. After gluing T (h)
and ∂ F ×D2 by identifying the boundaries ∂ F × ∂D2 and ∂T (h) = ∂ F ×S1, we obtain a closed (n+1)-dimensional manifold
t(h). We say that an (n + 1)-dimensional manifold M is an open book (or admits an open book decomposition) with page F
and binding ∂ F if M is diffeomorphic to t(h) for some self-diffeomorphism h : F → F that restricts to the identity on ∂ F .
We call h the monodromy of the open book.
Given ε > 0, we will say that a subset A of a Riemannian manifold N is ε-dense if B(A, ε) = N , i.e., if every point of N
lies within distance ε from A. We will use the following result in our construction.
Lemma 3.1. (See [1, Lemma 3].) Fix ε, R, L > 0 and suppose that ε  1 and R/ε  2. Then there exists a Riemannian metric on D2
such that:
(i) sec 1.
(ii) A neighborhood of the boundary is isometric to (0,α] × R/RZ (with α depending on ε).
(iii) There exists an ε-dense closed geodesic γ with Length[γ ] L.
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with page F and monodromy the identity, then, for each ε > 0, there exists a Riemannian metric on Mn with sec 1 and an ε-dense
embedded, totally geodesic ﬂat (n − 2)-torus with trivial normal bundle.
Proof. Fix ε > 0 and denote the Riemannian metric on F by g . We have
∂ F  R/r1Z × · · · × R/rn−2Z,
for some r1, . . . , rn−2 > 0. By the Collar Neighborhood Theorem, ∂ F is embedded and has trivial normal bundle in F . After
multiplying g by an appropriate positive constant, we may assume that r1, . . . , rn−2  ε, diam(F ) ε and sec(g) 0. Let R
be as in the statement of Lemma 3.1 and consider the Riemannian metric dt + g on the product R/RZ × F . Note that the
diameter of each ﬁber is at most ε and ∂(R/RZ × F ) is isometric to the ﬂat torus
R/RZ × R/r1Z × · · · × R/rn−2Z.
Now ﬁx L > 0 and equip D2 with the metric given by Lemma 3.1. Let l = Length[γ ]  L, where γ is the geodesic on D2
given by Lemma 3.1. In the Riemannian product D2 × R/r1Z consider the geodesic given by
α : [0, l] → D2 × R/r1Z
t → (γ (t), tr1/l
)
.
Note that α is a simple closed 2ε-dense geodesic in D2 × R/r1. By construction α is in a part with 0 sec 1, since γ is
too. Hence
TM = α × R/r2Z × · · · × R/rn−2Z
is a ﬂat totally geodesic codimension 2 embedded torus with trivial normal bundle in D2 × ∂ F . Moreover, by construction,
TM is 2ε-dense in D2 × ∂ F . Finally, since ∂(R/RZ × F ) and ∂(D × ∂ F ) are isometric ﬂat tori, we may identify them. We
obtain in this way a Riemannian metric on Mn with sec 1. Since the diameter of the ﬁbers F is at most ε, it follows that
TM is 3ε-dense in Mn . 
Using the ideas presented in Section 2 and following Sections 4.3–4.5 of [1] we obtain the next result.
Theorem 3.3. The open book Mn has almost nonpositive curvature.
Proof. Let ε > 0. By Theorem 3.2, Mn has a metric with sec 1/C(4) and an ε-dense torus TM isometric to the Riemannian
product
R/LZ × R/r2Z × · · · × R/rn−2Z,
where 0< r2, . . . , rn−2  ε. By construction, the constant L > 0 can be made arbitrarily large.
Let S2 be an ellipsoid of revolution with non-constant curvature bounded above by 1/2C(4), where C(4) is the Plumber’s
constant in dimension 4. There exists a closed ε/2-dense geodesic γ in S2 (cf. [3], Ch. 4, [2], §10.4.9.5). Let l = Length[γ ]
and deﬁne in the Riemannian product S2 × R/εZ the geodesic
α1 : [0,ml] → S2 × R/εZ
t → (γ (t), tε/ml), (3.1)
where m is a positive integer such that m 2l/ε. We have Length[α1] = (m2l2 + ε2)1/2.
Let T1 be the torus in S2 × R/εZ × · · · × R/rn−2Z given by
T1 = α1 × R/r2Z × · · · × R/rn−2Z.
After applying the Plumber’s Lemma to a suﬃciently small neighborhood of T1 we obtain a Riemannian metric on S2 ×
R/εZ × R/r2Z × · · · × R/rn−2Z with sec 1/2 1. We denote this Riemannian manifold by X1.
On another copy of S2 × R/εZ we deﬁne a geodesic α2 by
α2 :
[
0, (m + 1)l] → S2 × R/εZ
t → (γ (t), tε/(m + 1)l).
Note that α2 is deﬁned by replacing m with m+1 in (3.1). We have Length[α2] = ((m+1)2l2 + ε2)1/2. After multiplying the
distances in this second copy of S2 × R/εZ by (m2l2 + ε2)1/2/((m + 1)2l2 + ε2)1/2 we have
Length[α2] = Length[α1] = L′.
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T2 = α2 × R/r2Z × · · · × R/rn−2Z.
Note that T1 and T2 are isometric. After applying the Plumber’s Lemma to a suﬃciently small neighborhood of T2 we
obtain a new Riemannian manifold with sec 1. We will denote this new Riemannian manifold by X2.
As we did in Section 2, we let
N1 = X1 \ B(T1, r),
N2 = X2 \ B(T2, r),
taking r suﬃciently small. Note that ∂Ni is isometric to
αi × R/r2Z × · · · × R/rn−2Z × R/2πrZ,
for i = 1,2.
Let s denote the arc-length of α1. We have
∂N1 is ε-dense in N1 (3.2)
and, in N1,
dist
(
α1(s) × R/r2Z × · · · × R/rn−2Z × R/2πrZ,α1(s + kL′/m) × R/r2Z × · · · × R/rn−2Z × R/2πrZ
)
 nε (3.3)
for all s and all k ∈ Z. The same two properties are true for N2, with m + 1 replacing m in (3.3).
Consider again the open book Mn . We may assume that R/LZ, the ﬁrst factor of TM , has length L  L′ and that 0 
sec 1/C(4) on some neighborhood of TM . Adjusting r if necessary, so that 16r < ε, we may apply the Plumber’s Lemma
so that sec = 0 on B(TM ,16r) and sec 1 on Mn . Note that TM is still ε-dense in Mn .
We must now adjust the lengths L and L′ = (l2m2 + r12)1/2 in order to perform the surgery and reduce the diameter
of Mn . To do so, increase m so that
m2l2 + r21  L2 < (m + 1)2l2 + r21. (3.4)
Multiply the distances in the factor S2 × R/r1Z of X1 and X2 by λ = L/L′ to obtain new metrics on X1 and X2 such
that Length[α1] = Length[α2] = L. Since 1  λ  2, the manifolds N1 and N2 obtained from X1 and X2 satisfy properties
(3.2)–(3.3) with 2ε instead of ε.
Now, let T˜1, T˜2 be two tori equidistant to TM with
dist(T˜1, T˜2) = dist(T˜1,TM) = dist(T˜2,TM) = 8r.
These tori are isometric to TM and a tubular neighborhood B(T˜i, r) is isometric to the ﬂat tube T˜i × B(r), for i = 1,2. We
may now perform the surgery described in Section 2, replacing B(T˜i, r) ⊂ Mn with Ni , i = 1,2. Note that this does not
change the topology of Mn and we still have sec 1.
To conclude the proof, we need only analyze the diameter of Mn after the surgeries. Note ﬁrst that TM is 2ε-dense in
Mn \ (B(T˜i, r) ∪ B(T˜2, r)). Since ∂Ni is 2nε-dense in Ni , i = 1,2, we have that dist(x,TM) (2n + 1)ε for any x ∈ N1 ∪ N2.
Hence TM is (2n + 1)ε-dense in Mn .
Recall that TM is isometric to
R/LZ × R/r2Z × · · · × R/rn−2Z.
Let T0 = R/r2Z × · · · × R/rn−2Z. Parametrizing R/LZ by arc-length, we have
γ : [0, L] → R/LZ
s → γ (s).
It follows from properties (3.2), (3.3) of N1 and the corresponding properties of N2 that
dist
(
γ (s + kL/m) × T0, γ (s) × T0
)
 2nε + 16r  (2n + 1)ε
and
dist
(
γ
(
s + jL/(m + 1))× T0, γ (s) × T0
)
 (2n + 1)ε
for all s ∈ [0, L] and j,k ∈ Z. Consequently,
dist
(
γ (0) × T0, γ
(
kL/m(m + 1))× T0
)
 dist
(
γ (0) × T0, γ (kL/m) × T0
)+ dist(γ (kL/m) × T0, γ
(
kL/m(m + 1))× T0
)
 (4n + 2)ε,
since k/m − k/m(m + 1) = k/(m + 1).
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L/m(m + 1) 2l/m ε.
Therefore
diam(TM) (4n + 2)ε + ε = (4n + 3)ε.
Since TM is (2n + 1)ε-dense, we conclude that, after the surgeries, diam(Mn) (8n + 5)ε. 
4. Examples in dimension 4
In this section we construct 4-dimensional manifolds with almost nonpositive curvature using the open book construc-
tion from Section 3 and some results in knot theory. Choosing the leaves of the open book appropriately will provide some
control on its topology. In particular, we can generate inﬁnitely many 4-manifolds that are not K (π,1) spaces and have al-
most nonpositive curvature. In contrast, by the Hadamard–Cartan Theorem, these 4-manifolds do not support metrics with
nonpositive curvature.
4.1. Open books of dimension 4 and hyperbolic ﬁbered knots
We ﬁrst recall some basic notions in knot theory (cf. [10]). An n-dimensional knot (M,N,k) is an embedding of an n-di-
mensional manifold Nn in an (n+ 2)-dimensional manifold k :Nn ↪→ Mn+2. An n-dimensional knot (M,N,k) is locally ﬂat at
x ∈ N if there exists a neighborhood of x in (M,k(N)) which is homeomorphic to (Rn+2,Rn). The knot is locally ﬂat if it is
locally ﬂat at every x ∈ N .
For any locally ﬂat knot (Mn+2,Nn,k), the codimension 2 submanifold k(N) ⊂ M has a normal bundle, i.e., a closed
regular neighborhood (P , ∂ P ) which is the total space of a bundle
(D2,S1) → (P , ∂ P ) → k(N).
From now on we will only consider knots (Mn+2,Nn,k) in which M , N are oriented, compact, and the normal bundle of
k :N ↪→ M is compatibly oriented. The exterior of such a knot is the codimension 0 submanifold of M
(X, ∂ X) = (closure(M \ P ), ∂ P)
which is homotopy equivalent to the knot complement
X ∼= M \ k(N).
We say that a locally ﬂat knot (Mn+2,Nn,k) is homology framed if
k[N] = 0 ∈ Hn(M)
and the normal bundle of k(N) ⊂ M is framed:
(P , ∂ P ) = k(N) × (D2,S1),
with a given extension of the projection ∂ X = ∂ P → S1 to a map p : X → S1.
We say that a knot (Mn+2,Nn,k) is ﬁbered if it is homology framed and the canonical projection p : X → S1 on the
exterior X = closure(M \k(N)×D2) is (homotopic to) a ﬁber bundle. If the knot (Mn+2,Nn,k) is ﬁbered, then M is an open
book.
We will restrict our discussion to classical knots (S3,S1,k). Every classical knot is homology framed.
We say that a knot k(S1) ↪→ S3 is hyperbolic if its complement S3 \ k(S1) admits a complete hyperbolic metric of
ﬁnite volume, i.e., a complete Riemannian metric with sectional curvature sec ≡ −1 and ﬁnite volume. It follows from
W. Thurston’s work that the only knots that are not hyperbolic are torus knots and satellite knots (cf. [5]).
Theorem 4.1. Let k(S1) ↪→ S3 be a hyperbolic knot and let V 3 be its exterior. Then the open book M4 with page V 3 and monodromy
the identity has almost nonpositive curvature.
Proof. The exterior of a hyperbolic knot admits a metric with sec 0 such that the boundary torus ∂V 3 is ﬂat and totally
geodesic (cf. [9], Theorem 5.3). Moreover, ∂V 3 is embedded and has trivial normal bundle. The conclusion of the theorem
is a consequence of Theorems 3.2 and 3.3. 
In order to generate interesting examples we must control the topology of the open book. We will show that every 4-di-
mensional open book with trivial monodromy and page the exterior of a ﬁbered knot in S3 is not a K (π,1) space. There
are inﬁnitely many hyperbolic ﬁbered knots (see, for example, [8]), so there are inﬁnitely many such manifolds.
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identity is not a K (π,1) space.
Proof. Note that ∂V 3 is a 2-torus, and V 3 ﬁbers over S1 with ﬁber F 2 and ∂ F 2 = S1. It follows that V 3 × D2 ﬁbers over
S
1 with ﬁber F 2 × D2. Observe that M4 = ∂(V 3 × D2), so M4 ﬁbers over S1 with ﬁber Y 3 = ∂(F 2 × D2). Note that Y 3 is a
3-dimensional open book with page F 2 and monodromy the identity map. It is not diﬃcult to see that Y 3 is the connected
sum of ﬁnitely many copies of S1 × S2 (see, for example, [6]). Hence Y 3 is not a K (π,1) space. Since M4 ﬁbers over S1
with ﬁber Y 3, we conclude that M4 is not a K (π,1) space. 
Corollary 4.3. There are inﬁnitely many non-homeomorphic 4-dimensional manifolds with almost nonpositive curvature that do not
support metrics with sec 0.
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